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We investigate expansions of periodic functions with respect to wavelet bases.
Direct and inverse theorems for wavelet approximation in C and L, norms are
proved. For the functions possessing local regularity we study the rate of pointwise
convergence of wavelet Fourier series. We also define and investigate the “discreet
wavelet Fourier transform” (DWFT) for periodic wavelets generated by a com-
pactly supported scaling function. The DWFT has one important advantage for
numerical problems compared with the corresponding wavelet Fourier coefficients:
while fast computational algorithms for wavelet Fourier coefficients are recursive,
DWEFTs can be computed by explicit formulas without any recursion and the
computation is fast enough.  © 2000 Academic Press

1. INTRODUCTION

In the past 10 years growing interest to wavelets can be explained mainly
by their applications. However, it has turned out that some approximating
properties of wavelet bases play an important role in analysis. For instance,
there exist wavelets that constitute an unconditional basis in L,(R), 1 <p < o0
(see, e.g., [ 3, Chap. 9]). The Meyer wavelets constitute an optimal basis in
the space of continuous periodic functions [13, 14]. Certain functional
classes can be described in terms of wavelet Fourier coefficients (see, e.g.,
[6, 12]). Connections between multiresolution approximation and structure
properties of functions on RY were studied in many publications (see, e.g.,
[5-9]). In the present paper we study wavelet bases as a tool for approxima-
tion of periodic functions.

We now introduce the necessary notation and definitions. Let T denote
the unit circle. If /'€ L(T), then f(k) = [y f(t) e=>™* d is kth Fourier coef-
ficient of f (with respect to the trigonometric system). If ge L(R) U L,(R),
then ¢ denotes the Fourier transform of g.

! Supported by the Russian Foundation for Basic Researches, Basic Research grant N00-01-
00467. 302

0021-9045/00 $35.00
Copyright © 2000 by Academic Press
All rights of reproduction in any form reserved.



WAVELET APPROXIMATION 303

Let ¢ be a function in L,(R) such that ¢ is bounded, lim,_, , @(¢) =
@(0) #0, for almost all xeR

Y lpx+0)1P=1, (1)
and
P(x) =my(x/2) $(x/2), (2)

where mg € L,(T). It is known (see, e.g., [ 3, Chap.5]) that such a ¢ is a
scaling function of a multiresolution analysis in L,(R) and there exists a
function y € L,(R) (wavelet function) such that its normalized integer shifts
and scales 272)(2/- +n), j, ne Z, constitute an orthonormal basis in L,(R).
The function y is defined by

P(x) = mo((x +1)/2) G(x/2) €. (3)

If both the functions ¢, { have sufficient decay, say

max(|p(x)], (x)]) < ¢>0, (4)

1+| |1+s’

then the functions

D, (x)=27% 3 @(2/x+2/( +n),
teZ (5)
V(X)) =277 % Y(2/x+270 +n)

leZ

are in L,(T) and the systems {®,,} 2=, {¥,}2 ) are orthonormal for

each j=0, 1, 2, ... Moreover, the spaces

V,=span{®;,,n=0,..,2/ -1},

6
W,=span{¥,,,n=0,..,2/ —1} (©)

satisfy the properties

Vo= {const}, VeV, Viei=V,@ W, U V,=LyT)
=0

for all j=0, 1, .... This implies that L,(T)=V,® W, ® W, @ ---. We shall
call the collectlon { V} > o a periodic multiresolution analysis (brleﬂy PMRA)
generated by ¢. (Later in Section 4, we shall introduce a wider class of
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PMRA.) Thus, the functions @y, ¥,,, j=0,1,..n=1,..,2/—1 (periodic
wavelets) constitute an orthonormal basis in L,(T). Since under the assump-
tion (4) these functions are also bounded, we can consider the wavelet Fourier
series

o 2/-1

Lo @oo) Poot+ Y, Y. s Vi Vi (7)

j=0 n=0

for each fe L(T). To transform the double sum in (7) to a single one, we
redenote wavelets: wo= Doy, Wy, =¥, 0<L<2/—1. Now (7) can be
written as

Y Wiy i (8)
k=0

Let sy(f) denote the Nth partial sum of (8). Since s,;_(f) is an
orthogonal projection of f onto V;, and {®,,} 2"~ is an orthonormal basis

in V;,
27
sa_1(f)= 2 LS Pp> P, )
n=0

and also each sy(f), N=2/+L, 0< L <2/—1 can be represented in the
form

2/—1

sn(f)= 2 {L @) Pt 3, XL W) Vi (10)
n=0 n=0

Set f=wy=1 in (8). Since {f, w,> =0, We have sy(f)=1 for all N,
j=0,1,... Hence

1 2/—1

f %wk(x)mdzEl, j Y @,(x) D di=1.  (11)

0 x=o0 0 k=0

For a function f'e L,(T) (fe C(T) for p= c0), we introduce the follow-
ing characteristics: the rth modulus of smoothness w,( f, 1), =sup <, |47 f1,
and the error of best wavelet approximation of order N, Ey(f),=
inf || f—T| ,, where infinimum is taken over all “wavelet polynomials”
T=3N_oawy.

Throughout the paper, ¥ denotes a constant depending at most on a fixed
PMRA and %(aq, ..., b) denotes a constant depending at most on «, ..., b and
the PMRA.
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2. DIRECT AND INVERSE APPROXIMATION THEOREMS

THEOREM 2.1. Let ¢ satisfy (4), ye C™(R) with Y bounded for
(<m, W(x)| <E/(1+|x]|"), n>m+1, pe[1, 0]. Then

1

>, N=1,2,... (12)
P

En(, < 1= sl < 6lpmm) o, (£

SJor all feL,(T) (feC(T) for p=o0) and for all positive integers r,
r<m+1,r<n—1.

This theorem is a wavelet analog of the classical Jackson’s theorem for
the trigonometric approximation. However, in contrast to the trigonometric
case, not only the errors of best approximation but also the deviations of func-
tions from partial sums of their wavelet Fourier series are majorized by moduli
of smoothness.

Theorem 2.1 is known [ 13, 14 ] for Meyer wavelets. In this case || f— sx( /)|l
is majorized by the error of trigonometric best approximation moreover, it
is majorized by the modulus of smoothness of arbitrary order. The proof
of this result was based on very special properties of Meyer wavelets.

Before giving the proof of Theorem 2.1 we shall present three simple
auxiliary statements.

LEMMA 2.2. Let g, h be functions defined on R, max(|g(x)|, |h(x)]) <
E/(1+|x|'+%), e>0, and let fe L(T), j=0,1,.., L=0,..,2/—1. Then

jlf(t) S Y g(2x 42/ +k) Y W27+ 27/ + k) dt
0

k=0 ¢'ez leZ

=" f Y @xtn WDt (13)

—o0 vez(j, L)
where Z(j, L)={veZ :v=2//+k,(€Z,k=0,.., L}.
The proof of this lemma is trivial.

LEMMA 2.3. Let u be a bounded, decreasing, and integrable function on
[0, c0). Then for all x, ye R

lx =yl
% ullx+kl) ]+ < G (B2,
kez

where C is a constant depending only on u.

The proof of this lemma is simple, a little bit more general statements are
presented in [8, 16].
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COROLLARY 2.4. If g, h satisfy the hypothesis of Lemma 2.2, then

2fjl
0

where C is a constant depending only on the functions g, h, and e.

L S
Yoy g(2x 42" +k) Y W2/ t+20+ k)| dt<C, (14)

k=0 'eZ ‘e

To prove (14), we should apply Lemma 2.2 for f=1 and Lemma 2.3 for
p(x)=1/(1+|x|1+2).

Proof of Theorem 2.1. First we assume that f is a trigonometric poly-
nomial and prove the following inequality:

LF1,

Hf_SN(f)Hpg(g(p’ r’n) N” (15)

Let 2/<N<2/*', since lim, ., || f—sp_(f)],=0 (this fact is well
known; it also can be easily deduced from (9) and (14)),

S =sn(f) =(s214(f) —sn(f)) + i ($20011(f) =8214(f)). (16)

i=j

Hence, to prove (15), it suffices to check that

U274 () =825 1(F) , <E (P 1, ) 277 | £, (17)
forall j=0,1,.., L=0,..,2/—1. Using Lemma 2.2, the Taylor formula
r—1 k
Y SOx) k 1 e r—1
fin= Y S = ey [ oo e
and the equalities
fo Y(x)dx=0, /=0,..m (18)

(see, e.g., [3, Chap.5]), we have
274 (s X) =521 _1(f; X)

=2lef(t) S Y YQix+270+k) Y W21 +270 +k) di

k=0 'eZ i
:2jro £ Y W2 +v) Y27t +v)dt
- vez(, L)
T I A e G D W T R T

veZ(j, L)
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It is possible to change the order of summation and integration, by
Lebesgue’s theorem. Set u(u)=1/(1+ |u|"). By Lemma 2.3,

Y Y(utv)y(v+v) dt’ <%é(n) p(u—v)

veZ(j, L)

for all u, ve R. Hence

15274 £(fs X) =52 _1(f, X)|

<<g(n)2fj°° jtfm(f)(z—f)f*ldf w(27(1—x)) dt
—m 2 [ Jx+t|f(’)(r)||l+x—r|”ldr w20y di. (19)

Applying Jensen’s inequality for p < co, we obtain from (19)
274 L(f) =521

p 1/p
dx>

<2 (" ap@n ([ [ 1o —qrtd
< 1u(271) . L/ x +1—1] T

<@ (p,rn) 2/’j dr u(271)

— oo

1
X<J || —D
0

If |t] > 1, then taking into account the periodicity of ), we have

J\x+t
|

X

X+t
[ 1@ o=l

X

dx>l/p. (20)

x+1t
[ = ae

X

<"t L2075,

This implies that

Jl dx
0

If0<t<1, then

x+1
[ e x| <

X

Cr) 1t 1015 (21

1 x+
fdxf |fO@)? |x+ 1 —|" "V de
0 x

t+
<[] rxeertas? s AL 143
0

T—1t
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Thus, (21) holds also in this case. Similarly, if —1 <7 <0, then

x+1t
| O@Ir s i—e e

X

T—1
T

1 2
<[ UO@lrd [ r—x—y A< )1
1t r

Again this implies (21).
Substituting (21) into (20) yields

522 0F) =52 D), <GP rm) 11O, 27 [ el p(20) di

for p < 0. For p =00, the inequality

15254 () =825 1(/) o S E(r,0) [ /7] o Z’f |1]” u(271) dt.
evidently follows from (19). These relations imply (15) immediately, whenever
we change variable in the integrals and take into account that the functions u,
|t|" u(t) are summable on R. Hence, (15) holds for all trigonometric polyno-
mials. Thus (15) implies (12) for each trigonometric polynomial f, due to
the following theorem of Zhuk [19].

THEOREM 2.5. Let @ be a non-negative semi-additive functional on L,(T)
(C(m)), Y, ,= sup(q§(g)/|\g(’)Hp), where the supremum is taken over all
trigonometric polynomials g of order n, Y, =sup, Y, .. Then for all positive
integers N, r and all trigonometric polynomials f

1
DAL+ ot N ), (£)
P
where A, is a constant depending only on r.

To prove Theorem 2.1 for an arbitrary function fe L,(T) (fe C(T) for
p = 00) it remains to approximate fin the norm by a trigonometric polyno-
mial f;, to apply (2.1) to f;, and to take into account that [sy(f)[,<
Cp) 1Sl p» 0, fs %) <SET) [ S]]

Remark. 1In the hypotheses of Theorem 2.1 the smoothness of s can be
replaced by (18).

THEOREM 2.6. Let ¢ € C")(R) satisfy (4) and |p"™(x)| < /(1 + |x|'9),
e>0,pe[l,0]. Then

LFN, <E(p,m) 2" | £, (22)
JorallfeV,; j=0,1,...
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This theorem is a wavelet analog of Bernstein’s inequality for trigonometric
polynomials.

Proof. Let feV;. Since f =s,;_,(f), by (9), we have
2/ —1

flx 2’f 0 Y Y it+2/"+k) Y 9(20x+27 +k)dr.  (23)

k=0 /'ez leZ

Hence

S =200 [ f1) Ky, 1) i, (24)

0

where
2/ -1 S —
Ki(x,t)= Z Z @ (2Ix + 274" + k) Z e(27t+270 + k).

k=0 /'ezZ leZ

For p= oo (22) follows from this immediately, due to Corollary 2.4 with
g=¢, h=¢". Consider p < co. By Jensen’s inequality, (24) implies

) 1 1 r—1 .1
g <2 a1kt ) [0 & ol
0 0 0

Finally, applying Corollary 2.4, we obtain (22). |

THEOREM 2.7. Let ¢ satisfy the hypothesis of Theorem 2.6, pe[1, oo ].
Then

O, <E(p.m)h™ 3 (L+D)"TVEAS),

o<s/<h!

<C(p.m)h™ 3 (L+D)" =50,

o<s/<h!

Jor all h>0 and feL,(T) (feC(T) for p= o). Moreover, if

Y = s AN, < o0,

/=1
then the function f has a derivative of order m almost everywhere (at each
point in the case p= o), f"eL,(T) (f"™ e C(T) for p=c0), and

1fO =g, <Epem) Y (D" S =5AS).

¢=1[n/2]
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To prove this theorem we should repeat the proof of the similar statement
for trigonometric polynomials (see, e.g., [ 11]) using Theorem 2.6 instead of
the classical Bernstein’s inequality.

The hypotheses of both Theorem 2.1 and Theorem 2.7 hold for the wavelets
generated by a smooth compactly supported scaling function. Such wave-
lets were constructed by Daubechies (see [ 3, Chap. 6]). For these wavelets
Theorems 2.1 and 2.7 give the following statement.

COROLLARY 2.8. Let @,y e C"(R) be compactly supported with
bounded for £ <m, and let r <m—1 be a non-negative integer, a€[0, 1),
+r*>0, 1<p<oo, feL,(T), (feC(T) for p=o0). Then the relations
En(f),=O0/N""), | f=sn(/)l,=O/N"*%), @, (f h),=O0(h""")
are equivalent.

COROLLARY 2.9. Let numbers r, o and functions @,y satisfy the condi-
tions of Corollary 2.8 and let f € C(T). The relation

@, 1 (fs 1) oo = O(R"F7) (25)
holds if and only if
(fowyy =027/ rHar12) (26)

forall N=2'+n,n=0,..,2/—1.

Proof. Due to Theorem 2.1 and the evident relation ||wy ;= O(27?),
N=2/+n, n=0,.. 2/ —1, we have (25) = (26). It follows from Corollary
2.8 and (16) that (25) is equivalent to ||y, ,— 58—l = 027/ +%),
(=0,..,27—1. If (26) holds, then |s,/,,— 821l =02 Hrtx+1/2)x
134 _o IWklll o). To prove (26) = (25) it remains to note that 35 _ |w,| =
O(277) because of the compactness of the support of . ||

COROLLARY 2.10. Let a number r and functions @, satisfy the condi-
tions of Corollary 2.8, 1 <p< oo, 0<a<r, 0<qg<oo. 4 function fe L,(T)
(feC(T) for p=o0) belongs to the Besov space By(L,) if and only if
(S 20 1 =501 ()], < o0

This statement follows immediately from Theorems 2.1, 2.6, due to
Theorem 9.1 from [4].

3. LOCAL CONVERGENCE

In this section we study wavelet approximation of functions possessing
local regularity.
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Let x, € R, a«a>0. We say that a function fe L(T) belongs to Z,(x,) if
there exists a number s such that

lj 1f(x)—s|dx=O(h%), as h—0. (27)
h\x—xp1<n

THEOREM 3.1. Let fe L(xy), > 0. If |p(x)| <E/(1 + |x|™), m> 1, then
521 1(fs Xo) — ] = OQ2~/mnt=m=l) - j— o0, (28)

for a#£m—1;
525 1(f Xo) —s| = 0(j277),  j— o0, (29)

for a =m — 1. If, moreover, |Y(x)| <€/(1+ |x|"), n>1, then

[sn(f, x0) — s = O(N ~mint=r=1}) N — oo, (30)

for a#n—1;
lsn(fs Xo) —s| = O(N ~*log N), N — 0, (31)

for a=n—1.

Proof. 1t follows from (9), (11) that

1
syalfoxo) =5 =] () =5) T 1) B (x0) dr.
n=0
Hence, by Lemmas 2.2, 2.3,
soalfoxo) =51 <2 [ 1S =l = xo)dt,  (32)

— o0

where u(u) =%/(1+ |u|™). Let j, be a positive integer such that

1 .
3 ) —s| dx<@h%,  0<h<2h, (33)
|

h x—xy|<h

Due to the monotonicity of u, for all j > j,
527 1(f2 Xo) — s
<2 (o) | i —sldit Y w2/

|t —xyl <277 k=—j

(1) —s] dr)

XJ\
2k < |t — x| <2k +!
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<27 (0) | |f(6) —s] di
lt—xol <277
7]-0
+Y 2 | /(1) 5| de
k=—j+1 |t*x0|<2k
+ ¥ 2f+1ﬂ(2f+k)j 1f(t) —s|dt =20+ 3, +2,.
k= —jp+1 11— x| <2% (34)
Using (3.1) we have
Zy=0(277)= 02~/ mirtom=1}),
(35)
—Jo —Jo
2120(1)2] Z 2k(<x+1)2—(j+k)m=0<2j(1—m) Z 2k(zx+1—m)>.
k=—j k=—j+1
This gives
X, =0 /minfam—1h " f g —1, (36)
2, =0(j277), if a=m—1. (37)

To estimate X,, we note that the function I(h) =7 ||, <s |/(2) —s| dt is
bounded on (0, o). This implies that

2,=0(1) z 2j+k,u(2j+k)=0(1) Z 2+ k)1 —m)
k=—jy+1 k=—jy+1

=0(1)2j(1—m) i 2k(1—m)=O(Z—j(m—l))z0(2—jmiu{zx,m—1})'
k= —jo+1 (38)
Combining (35), (36), (37), (38) with (34), we obtain (28), (29). In parti-
cular, (28) or (29) implies that the sequence {s,;_(f, xo)} ;=1 converges

to s. From this it follows that (16) holds at the point x,. Hence to prove
(30), (31) it suffices to establish the relations

Saiq Sy Xo) =825 _1(f, xo)zo(zijmin{a’mfl})a if a#Em—1, (39)
S2i4 £ fs Xo) = $21_1( [, Xo) = O(j277%), it a=m—1, (40)

for all j=0,1,..,L=0,..,2/—1.
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Since, due to (11), the left-hand sides of these equalities can be represented
as

fol (1) —s) Z V(1) Pl dt,

(39), (40) can be proved similarly to (28), (29). |

Next we shall show that estimates (28), (29), (30), (31) cannot be improved
in general. Consider the special case « <n—1, o« <m —1 which holds, for
example, if the functions ¢, {y are compactly supported. In this case (28)
and (30) look like

lsn(f, x0) =s|=O(N™"),  N—c0. (41)

The following example illustrates that (41) is sharp. Consider the Haar
system that is a wavelet system with

I, if0<x<1/2,
Y(x)=< —1, if 12<x<1, (42)

0, otherwise.

1, f0<x<l,
0, otherwise,

p(x)= {

Set f(t)=t*on [0,0], f(x)=0 on [ —9,0]. It is clear that fe L(T) and
satisfies (27) with s =0, x,=0. Consider the (27— 1)th partial sums:

1 2j—1
sai_alf, x)=2fj0 FO S Y o@ix+270+k) Y p27t+2/ +k) dr.
k=0 ¢tezZ e

If xe[0,277), then 3,_, p(2/x+2//)=1 and ¥, , ¢(2/x+ 2/ +k)=
for k=1, ..,27— 1. This implies that for all j large enough

. . 2~/ .
|s2,-,1(f,0)|:21j0 f(z)dtzzfj " di— 72 e,

Thus, the right-hand side of (41) can not be replaced by o(N ~%).
Now we consider the case n — 1 < «. In this case

lsn(fs x0) —s| = O(N' ™), N — 0.
In particular, the following “localization principle” holds: if f=0 on a

neighborhood of a point x,, then (43) is valid. There exists an example
[17] illustrating that (43) is sharp.
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The following example illustrates that the estimates (29), (31) are sharp.
Define ¢ by

1, it Jul<1/3,
3
Pu) = sin%, it 1/3<ul<2/3
0, it Jul > 2/3.

This is a scaling function of Meyer non-smooth wavelets (see, e.g.,
[3, Chap. 5]), It is not difficult to compute ¢ explicitly:

_sin 27u/3 N 6 cos 4nu/3 + 8u sin 27u/3

o) =" 29— 161

It is clear that ¢(u) decays as u~2 We can also compute 1, due to the
equality Y(u) =e™(p(u+ 1)+ @¢(u—1)) ¢(u/2) (see [3, Chap.5]), and
verify that y(u) = O(u—2). Thus, ¢ generates a PMRA and the functions ¢,
 satisfy the hypothesis of Theorem 3.1 with n=m = 2. We shall prove that
for any y(u) =o(ulog u), u > +0 there exists a 1-periodic function f'e L(T)
satisfying (27) with x,=0, s=0, a=1 such that limsup;_, ., [y~"(277) x
S,i_1(f, 0)] = co. Due to the Banach—Steinhaus theorem, it suffices to find
a sequence of positive integers { M} ;, M, — co and a sequence of functions
{f;},» f;€ L(T), such that

1 h
sup 1 | 1fjl<C. (44)

h>0

where C is an absolute constant, and |y ~'(277) s2i_1(f;, 0)| = M for some
subsequence of positive integers j. Consider a sequence of positive integers
N,=2/—1 with even j. Using the Poisson summation formula, we have

Y @2/ (x+0)+k)= Y §(2In) e2minx 2k

teZ neZ

Then taking into account that 32~ ! ?™*"27 = ( for all m #2/¢, / € Z, and
supp @ nsupp ¢(-+k)=0 for ke Z, |k| =2, we obtain

1 .
s o) =[S0 S G n) G2 ) 4 (2 1) 2
! Y neZ
+P(2 7+ 1) e ) dr
for all fe L(T). This implies that
sw(£0)= Y 427n) f(n),

neZ
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where A(u) = @*(u) + @(u)(¢(u—1)+ G(u+1)). It is not difficult to verify

~

that A(u) =a(u) + f(u), where
_9(sin 27tu/3 + sin 4zu/3)
M) = O — )
_ 3(cos 2nu/3 + cos 4nu/3)
Pluy = (9 —du)

Set on(fs X)=> ez M%) f(n) ¥, This is a linear summation method of
Fourier series with summable A. It is well known that o,(f) can be
represented in the following form:

onfix)=|" f<x +]i,> () d

— o0

Since a,,(f, 0) :sN]_(f, 0), we obtain

sy, (f, 0)=J f(2771) A1) du. (45)
Set w:{kr:2r+j/2’ o 2r+j/2+22r—1’ r:l, ey %—3}, €k=[3k, 3k+1/2]’
keZ, Q=ico e It is not difficult to see that Q<[0,2/7!] and

exne,=Fforall k, / ew, k#¢, whenever j > 4. Introduce even 1-periodic
functions f; defined on [0, 1/2] by

—1, if 2/xeQ,

fj(X):{o, if 2/xe[0,2/7'\Q.

Since £, =0 on [0, 2! /2], (44), evidently, holds for all /< 2! =72, If 2~/
Sh<2/+17” 1</ <{—4, we have

Vi 2Zr—l+2r+j/2

f:'ff':fgn[o,h]'ﬁK; S

=1 k,=2'+f/2

4
<2771 Y 27 = 0(2¥ )= 0(h?).

r=1

It is clear that

fw £,2771) A1) di = f £,2771) Be) di + 027

— 00

3 (e = dt y
:_ZL [0 P(0) 5+ 0(27),
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where P(t)=cos(2nt/3) + cos(4nt/3). Further,

d .
[ p@ P G={ PG+ 02
0 t Q

Since P(t) is 3-periodic and non-negative on €2, for all even j>6

di 2=3 2Rl di JR=3 artitear-ign g
P(1) 5= [ P5=y | =1
LZ 2 Z1 K, ;H/z ek, - rgl 21l 41 9t
1 Jj/2— 22r71

P

9 = (2r+]/2+1)(22r_1+2r+j/2+1)fe0

>2-i-7 <é-3>[ P> M2,
€

where M is an absolute positive constant. Finally using (45), we obtain

N s (1 0] 5 M 2NNy ©.
P Sn Ny~ T

Next we consider the following substitute for (27): a function f'e L(T) is
said to belong to ., .(x,), a>0, xo € R, if there exists a polynomial P of
order r, 0 <r <a, such that

1

ZLX—%Ish | f(x)— P(x —xq)| dx = O(h%).

The class %, ,(x,) was introduced by Calderon and Zygmund [1].

THEOREM 3.2. Let ¢ satisfy (4), ye C™(R) with W' bounded for
(<m, [Y(x)|<E/(1+|x]"), n>1. If fe, (xg), a>0, r<m, r<n—1,
then

Isw(fs Xo) = P(0)] = O(N ~™ni=n=1}) N o, (46)
for a#£n—1, and
Isn( /., xo) = P(0)] = O(N~*log N), N - o, (47)

fora=n—1.

Proof. Let a#n—1. It is clear that x, is a Lebesgue point of f. Then
sn(f, xo) converges to P(0) (see, e.g., [ 15]). On the basis of this and (16),
it suffices to prove that

Sai42(fs Xo) = S2i_1(f, Xo) = O(2 7/ min{en—1}) (48)
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forallj=0,1,..,L=0,1---2/—1. Using (18) and Lemmas 2.2 and 2.3, we
have

15274 £(fs Xo) — S27_1(f; Xo)

< [ 10 =P —xo)l T, W@ 4] (200 + )] d

—® veZ

<G 2 [ 1f(x) — Plx—x0)| w2 (x—x0)) d, (49)

where u(u) =%/(1+ |u|"). Let j, be a positive integer such that

1

h |x—xpl <h

| f(x)— P(x —xq)| dx <Eh*, 0<h<2h

The monotonicity of x4 implies that for all j > j,
5274 £(f; X0) — $2i_1(fs Xo)|
<27 (0) | |£(x) = Plx = xo) | di

|x — xq1 <2/

—Jo

+Y 2T () = Plx = xo)| di
k=—j+1 [x —xo| <2k

+ Y 2 | |£(3) = Pl = xo) | di

k= —jo+1 |X7XO|S2k

=Xo+2,+2,. (50)

The sums X, 2, can be estimated as well as the similar ones in (34). Thus,
we obtain

20+21:0(2—jmin{a,n—1}). (51)

Using the evident relations
j | £(x) = P(x — x,)| dt = O(h), 0<h<l,
|[x—xpl <h

|f(x) = P(x—xo)| dt=0O(h"*"),  h=1,

|x—xyl <h
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we have
—1 o
22=0(1)< Z 2j+k’u(2j+k)+ Z 2j+k(r+1),u(2j+k)>
k=—jo+1 k=0
+O(1)<21(1—n) OZO: 2k(1—n)+2j(1—n) i 2k(r—n+1)>
k= —j,+1 k=0

_ 0(27jmin{oc,n71}).
This together with relations (49)—(51) implies (48). The case a=n—1 is
similar. ]

Remark. 1In the hypotheses of Theorem 3.2 the smoothness of {y can be
replaced by (18).

4. EXPANSIONS WITH RESPECT TO BI-ORTHOGONAL
WAVELET SYSTEMS

In this section we extend Theorem 3.1 to a wide class of wavelets (not
necessary generated by a non-periodic scaling function). We shall use the
definition of PMRA and general approach to periodic wavelets given on
the basis of this definition in [15]. To be more precise, we will briefly
review the basic details of this approach.

Let us introduce more notations. If f'is a periodic function, then S; /' =
f(-+277). If feL(T), then w/ f is a 1-periodic function defined by its
Fourier series

Z f(zj/+n)€2ni(2j/+n)x'

teZ

DermNITION 4.1. Let X=L,(T), 1<p<oo or X=C(T), V,cX,
j=0,1,.... The collection { ¥} is called a PMRA in X, if the following
properties hold:

MRL. V,cV,;4,j=0,1,2,.;

MR2. (7L, V;is dense in X;
MR3a. dim V;=2/,j=0,1,2, ..;
MR3b. dim {feV;:S;,f=Af} <lforall leR,;j=0,1,2,.;
MR4a. iffeV,, thenf(2-)eV,;,,,j=0,1,2,.;
MR4b. if feV, ,, then f(-/2)+ f((- +1)2)eV,,j=0,1,2, ..;
MR4ec. iffeV; then S, feV;,j=0,1,2,...
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Let {V;} 2, be a PMRA. A sequence of functions {G;} 2, is said to be
a scaling sequence (for this PMRA), if G; eV, and the functions S]’.‘Gj,
k=0,..,27—1, constitute a basis of the space ¥, for all j=0, 1, ....

THEOREM 4.2. Let X=L,(T), 1<p<oo or X=C(T). A sequence of
Sunctions {G} 20 =X is a scaling sequence for some PMRA if and only if
the following properties hold.:

Gl. Gy(k)=0 for all k #0;

(A}Z. for all j=0,1,.. and k=0,1, ..,2/—1 there exists meZ such
that G;(2/m + k) #0;

G3. for all ke Z there exists je {0, 1, ..} such that Gj(k) #0;

G4. for each j=0,1,.. and keZ there exists A} #0 such that
G,(2'm+k)=2{G; (2/"'m+2k) for all me Z;

G5. for each j=0,1,.. and keZ there exists 0} R such that
Gj(Zf“m +k)= 5£Gj+ (27 X m+ k) for all me 7.

In particular, this theorem implies that a scaling sequence exists in each
PMRA. It is clear that for each scaling function ¢ the collection of sets V
defined by (6) is a PMRA in the sense of Definition 4.1 and the functions
®;, defined by (5) constitute a scaling sequence for this PMRA.

Let us consider pairs of PMRA with the first component {V;} =, in L,,,
1<p<oo and the second one { ¥}, in L,, 1/p+1/g=1 (C for p=1)
and call them (p, q)-pairs of PMRA.

PROPOSITION 4.3. If ({V,} =, {V;} 20) is a (p, q)-pair of PMRA and
{G} 2o and {G;} 2, are scaling sequences Jor {Vi}7ey and {V;} 2,
respectively, then the shift bases {STG;} 2=\ in V, and {S"G} 2=\ in V; are
bi-orthonormal if and only if

G, wiGy =27 (52)

Let ({G; }] 0 {G;} 24) be scalmg sequences of a (p, ¢)-pair of PMRA
({ V)2 0:{ ¥V} 20) and let H;, H;, j=0, 1, ... be 1-periodic functions with
the Fourier coefficients H,(r ) H i(r), re Z, respectively, defined by

J

Ay =e"7"5,,Gp(), A

(1) =™ 04 Gy (),

where 0, 67 are the factors from Theorem 4.2 for the sequences {G,} .
{G,} 2o, respectively. The functions H;, f; are called wavelet functions and
the spaces

W;=span{S7H,;, n=0 —1}
W,=span{S/H,, n= -1}

are called wavelet spaces of the (p, g)-pair ({ VJ} PV
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THEOREM 4.4.  Let ({V;}72,, {17].};‘;0) be a (p, q)-pair of PMRA, and
let {G}}2,, {G;}72o be their scaling sequences, {H;},, {H;}> o are
corresponding wavelet function sequences, W, j=0, 1, ... are wavelet spaces.
If (52) holds, then

Hl. W,cV,,y;

H2. each function feV;, j=1,2,.. can be represented in the form
f=fi+ 1z, where fLeV,_ |, freW, y;

H3. <S]nllH]l’ SJ”ZZI{]2> :OfOV alljl, jz = 0, 1, ...,jl #jz, I/ll = 0, veey 211 - 1,
n,=0,..22—1;

H4. (S"H,, S;aﬁj> =0, n Jor all j=0,1, .., ny, n,=0,..,2/—1.

Next we fix a (p, g)-pair ({V;} 2.1 I7j}]‘?io) satisfying the hypothesis

of Theorem4.4. For each feL, we can consider the following wavelet

expansion:

o 2/—1

CfGoy>Got+ Y, Y <fiSHH), STH,. (53)

j=0 n=0

This double series can be transformed to a single one as was done for (7).
Let s, denote the partial sum of this single series. Notice that, due to
Theorem 4.4,

2/ -1

su_(f)= Y {f£.87G) S;G; (54)
n=0

THEOREM 4.5. Let fe L(xq), a>0. If for all xe[ —1/2,1/2]

/(1 —x) _ i
IGj(X)|<(5W, IGj(x)IS%W, m>1, (55)
then
Sai_1(fi Xo) —s =02 /min{em—1}) = G o, (56)
ifo#Em—1,
$2i_1(fs Xo) —s=0(j277),  j— oo, (57)
if o =m— 1. If, moreover, for all xe[ —1/2,1/2]
2J(1=2) - 2 JA
|H,(x)| <% |H, / n>1, (58)

S 07-, <%7,
I+ ) NS T oy
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then
sn(fo xo) —s=O(N ~minfern—1}) N— o, (59)
ifa#n—1;
sy(fo xo) —s=O(N~*log N), N— o0, (60)
ifao=n—1.

Proof. Consider the case a#n—1, a #m—1. First we note that, by
(55), (58), the functions Gj, aH ' are bounded. Hence the sums sy( /) can be
considered for each f'e L(T). By Theorems 4.2 and 4.4, sy(h)=nh for all
h=const and all N=0, 1.... Then

1 2/—1 _
S2i1(f, >€o)—S=f0 (f(D)=s) Y. S7Gi(x0) STGy(1) dr. (61)

k=0

The functions S¥G;, S¥G; can be represented in the form

SKG,=Y g(2Vx+20+k), SKG=Y (2/x+2//+k),

le”? leZ
where
(1) = G;(27r), if te[—=2/71,2/71],
&= 0, otherwise,
s (G270, i e[ =22,
EA= 0, otherwise.
Then, by (55),
(1 =x) ik
(<% , g (1) <¥ .
lg; (1)l T " 1&;(2)] T

Hence applying Lemmas 2.2 and 2.3 to (61), we have

221 x0) =51 <27 [ 1f(0) = sl w21~ xo))

— 00

where p(u) =%/(1 + |u|™). The right-hand side in this inequality is the same
as it was in (32). Hence to prove (56), it remains to repeat the arguments
of the proof of Theorem 3.1 based on (32). Now we assume that (58) holds.
By (56), the sums s,,_( f, x,) converge to s as j — co. On the basis of this
and (16), for (56) it suffices to prove that

S2i_1(fs Xo) = S2i4 (fs Xo) = 0(2_jmin{a’n_l})
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for all j=0,1,.., L=0,1, .., 2/ —1. By Theorem 4.4,

jol ijH,:Ll GoSkH,=0

for all j=0,1, .., k=0, .., 2/ —1. This implies that

1 L
swoa(foXo) —sar ol fo¥o) = [ (f(0)=s) T S5 Hy(xo) STH, (1)

k=0

Similarly to the proof of (56) we can conclude from this that

|825-1(/s Xo) = 8214 £(f, Xo)| <27 fw /(1) = s| p(27(1 — xo)) dt,

— o0

where u(u)=%/(1+ |u|"). Again it remains to repeat the arguments used
for Theorem 3.1. The cases a=n—1, a =m —1 are similar. []

The assumption m > 1 in (55) cannot be relaxed. Moreover, if we con-
sider this assumption separately for the first and the second PMRA with
m; and m,, respectively, then neither m,; > 1 nor m, > 1 can be relaxed. Let
({V;} 20, {7} 26) be the pair of PMRA defined as follows. The second
component { 17]} ;=0 1s a PMRA generated by the scaling function ¢ defined
by (42). The functions

Gi(x)=Y @(2x+2/¢)=2773 @2 7k) ™, j=0,1,..

teZ keZ

constitute a scaling sequence in {171} 7—0- We define the space V; as the
linear span of the functions S7G;, where

Gj(x) — zi/ W eZn:ikx.2

k= —2/-1

It is clear that {V/,} 72, is a PMRA and {G,} 2, is a scaling sequence of
this PMRA. Orthonormal wavelet system of this PMRA was investigated
in [2]. Since for each j=0, 1, ... the sequences S¥G,, S¥ G| satisfy (52), they
are bi-orthonormal and the corresponding wavelet systems §f H;, S;‘ H  are
bi-orthonormal too, due to Theorem 4.4. The functions G;, G; are, evidently,

2 The symbol ¥"" means a sum with the factors 1/2 in the first and the last terms.
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in L_(T). Hence for any fe L(T) we can consider both the wavelet expan-
sions, (53) and

o 2/—1

{fiGo) Go+ Y, X {fS)H)» ST H;. (62)

i=0 n=0
Let §5(f) denote the Nth partial sum of this series. Since ¢ is compactly
supported, (55) holds for Gj with any m > 1. It is not difficult to check that
1+%2/
271yl
Thus, (55) holds for G; with m=1, x=0. It is possible to prove that for

an arbitrary y(u) =o0(1), u —» co there exist functions f;, f, € L(T) supported
on [1/4,1/2] such that

1G; ()] <

Vﬁl(zj) $2i-1(f1,0) === o0,

j— o
yil s2f f2’ j— oo 0.
On the other hand, the series in (53), (62) converge to zero for each
feZ(0), a>0.

5. DISCRETE WAVELET FOURIER TRANSFORM

In this section we consider wavelets generated by a compactly supported
scaling function. Such wavelets are very important for various applications,
in particular for the reconstruction of functions. There exists a fast scheme
for the computation of the wavelet Fourier coefficients of a reconstructed
function (subband filtering scheme). The algorithm is based on the following
arguments. Due to (2), (3), the coefficients of the jth level (corresponding
to the basis elements of the spaces V;, W) can be expressed by the coef-
ficients of the (j— 1)th level. This allows recursive formulas to be obtained.
The smaller the support of a scaling function, the faster is the process of the
computation by these formulas. However, recursive processes accumulate
errors from level to level. Thus, for large j computations can give wrong
results. We propose an alternative algorithm for the reconstruction of func-
tions based on wavelet expansions. The idea is to replace wavelet Fourier
coefficients by their discrete analogs, which can be computed without any
recursion. In other words, we are going to introduce a wavelet analog of
DFT (the discrete Fourier transform for the trigonometric system). It is
well known that for a smooth function its DFT is close to the correspond-
ing Fourier coefficient, but the former is more preferable for numerical
problems.
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Further we fix a PMRA {V;} 2 ; generated by a scaling function ¢ such
that supp ¢ e[ — R, R]. Set

27—1

= z ‘Dj/(x) ®jf(y)r
=0
where @, are functions defined by (5).

THEOREM 5.1. For each j=0,1, .. there exist y,,€[0,1], k=0, ..,
27—1, s=1,.., M, where M depends only on R, and constants «,, ..., %,
such that for all feV; and all xe [0, 1]

2i—1 M

Z Z od fyks (x yks) (63)

k=0 s=1

Our proof of this theorem is based on the following auxiliary statements.

LemMA 5.2. For all fi, .., fy€L[0,1], there exist y;,.., vy €[0,1]
and oy, ..., 0 €R, M <N, such that

M 1
Y afr)=| £ J=1-N. (64)
Proof. 1f there exist y,, .., yy€[0, 1] such that det{f;(y)},_, #0,
then a4, ..., ¢y can be found as a solution of the linear system (64). Other-
wise, the dimension of the space of the vectors r(y) = (f1(¥), ... fa(»))
ye[0,1] is equal to M <N. Thus, there exist y;,.., y,,€[0,1] and
ky,..kpe{l,..,N} such that det{fkj(yi)}glj 1 #0, [ (y) =270, %
ﬁ,jfk]_( ), i= 1, o M, I=M+1,..,N. Let a, ..., a,, be a solution of the
system

afk ffk, j=1-M.

i=

Since the vectors r(y;), i=1, .., M, constitute a basis, for each ye[0, 1]
there exist numbers 4,(y) such that fj(y)=2§‘i1 Aiy) fi(ya), j=1,.., N.
Hence, for all /> M we have

jfk, ) dy = f Zﬂ ) fio3) dy = f f Z/f,,fk
f

:.Z ﬁl’folf - Z Vi :.Z o fi, (i) |
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LEMMA 5.3. Let j be a positive integer, x,t€[0,1], y,=2"7/(t+k),
k=0,..,2/—1. Then

2/—1
27 Y 1K (% p0) <.
k=0

Proof. Since ¢ is compactly supported, for all j large enough

2/ —1

277 % IK(x il

k=0
2/—1 2/—1 ) ) . .

<Y X X le@x+27+n)| Y o2y +270 +n)|
k=0 n=0 ¢ eZ tez

2/—1 2/—1
<Y Y Y le@x+270+nm)) Y lelt+k+2/0 +n+277))
k=0 n=0 ¢ eZ te?
2/—1

<Y Y Y le@x+n) elt+k+n+2/0)

/eZ k=0 neZ
2/—-1 )
<Y Y le2/x+n)e(t+k+n)|.

k=0 nezZ
It remains to note that, by Lemma 2.3,

2/ -1 Iy
S Y p(xtn) pli+k+m)|<E Y u(“”‘)w S k).

k=0 nez keZ 4 kez

where 1 is an even compactly supported majorant of ¢ decreasing on
[0,c]. 1

Proof of Theorem 5.1. Consider the functions £,,(t) = ¢(t +v) @(t +u),
v,u€Z defined on [0,1]. Since £,,#0 only if —1—-R<v, u<R, by
Lemma 5.2, there exist 7, €[0,1], a, eR, s=1, ..., M, such that

Y ity = b, (65)
s=1 0

for all u,veZ. Let S denote the right-hand side of (63) with y,, =
27/(k+1,). Since both f'and S are elements of the space ¥, it suffices to
prove that

[ .= s, (66)
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for all j=0,1,.,n=0,..,2 — 1. If a,= [} f®,, then f =Y2"! a,®,, and

2/—1 2/—1 2j—1

(5727 % a0 3 Y % 0 500 || B0,
k=0 s=1 r=
2/—1 2i—1 M _
- Z A Z Z K ]m yks yks Z
m=0 k=0 s=1 =
Next, by (65),
M 2/—1 ) .
A=Y oy Y Y ot +2L+k+m) Y oi,+271+k+n)
s=1 k=0 lLeZ leZ
M
=Y a, ), > olty+k)o(t,+2/+k+n—m)

1 leZ keZ

=) Zj (t+k)p(t+k+2/14+(n—m))dt

ZZJ (1) p(t + 271+ (n—m)) dt.

Since {@(t+v)},cz is an orthonormal system on R, 4,,, does not vanish
only forn=m,and 4,,,=1.Hence }.,,,. s a,, A ., = a,,. This yields Theorem 5.1.
|

CorOLLARY 5.4. If f, g€V}, then

2/—1

{fhigyr=2773% Z o f(Virs) & Vis)- (67)

k=0 s=1

Proof. Equality (67) follows immediately from (63) if we take into
account that

J, &Kyt yydi=gy).

We now consider an arbitrary 1-periodic function f defined at each point.
Set

2/i—1 M

( z Z yks)K(x yks)

THEOREM 5.5. If feC, then
1f=0;(NM e SCE(S) oo (68)
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Proof. Let g be an element of best approximation in V to f. Since, due
0 (63), g,(g, x) = g, we easily obtain (68) from Lemma 51. |

This theorem, together with Theorem 2.1, shows that o;(f) is a good
tool of approximation for smooth functions. (67) implies that o;( /) can be
represented as the wavelet expansion

2/—1
Uj(f): Z cn(f) Wn?
n=0

where
2-1 M '
cn(f)zz_j Z Z O(sf(yks) M/n(yks)a n:()a (] 21_1
k=0 s=1
A coefficient ¢,(f) will be called a discrete wavelet Fourier transform
(DWFT) of f.

THEOREM 5.6. If feC, j=0,1,.., ¢/=0,.,j—1, r=0,.,27—1,
n=2"+r, then

el /) =L wad | SC27PEy([) - (69)

Proof. Let g be an element of best approximation in V; to f. By (67),
c.(g)=<g, w,). Hence

el /)= fowad < lea f =)= (=g )]
<EANL (27T T lnl i+ [ ).

k=0 s=1

Since w,(yis) = [o wal?) K;(1, yi) dt, due to Lemma 5.3,

1
lea(f) =W | SCE(f) oo jo Iw,|. (70)
By the definition of w,,

jl |w,,(t)|dt<2f/2jl Y |¢(2fz+2fm+r)|dz=2—f/2j°o (1) dt.

0 0 ,,ez — o0
Combining this with (70), we obtain (69). ||

We see that the wavelet Fourier coefficients of a smooth function can
be replaced by DWFTs in problems of reconstruction of functions and
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compression of information. The algorithm of computation is very simple,
DWFT can be computed just by the definition. Finding the numbers a, and
the nodes y,;, is not difficult in practice. We can take arbitrary points
t1s o tar €[0,1] with M =2([ R] + 1)? and check if the determinant of the
system (66) does not vanish. If these points are not suitable, we can try to
succeed with other ones. Let us estimate complexity of this algorithm.
Suppose the values a,, w,(y,,) are known and count the number of opera-
tions that we need to compute all the coefficients ¢, (f), n=0, .., 2/ — 1. Set
n=2"+r (<j,r=0,.,27—1, 2 >4R. Since ¢ is supported on [ —R, R],
the wavelet function y is supported on [ —2R, 2R] (see [ 3, Chap. 5]). Hence
w,(x)#0 only in the following cases:

(a) r<2R 0<x<27/2R—r), 1 =27Y2R+r)<x<;
(b) 2R<r<2/—2R 1—2~/(2R+r)<x<l—2-%(r—2R);
(¢) r>2/—2R 0<x<l1—2%(r—2R),2—2‘2R+r)<x<l.

So, only 4R2~/ terms of the sum Y2~ w,(ys,) /(i) do not vanish.
Therefore, to compute ¢,( /) we should make at most SRM2/~* operations.
This implies that the complexity of the whole algorithm does not exceed
8RM(1 + j) 27.

ACKNOWLEDGMENT

The author is very grateful to the referee for his or her recommendations on improveming
Theorems 3.1 and 3.2.

REFERENCES

1. A. P. Calderén and A. Zygmund, Local properties of solutions of elliptic partial differen-
tial equation, Studia Math. 20 (1961), 171-227.

2. C. K. Chui and H. N. Mhaskar, On trigonometric wavelets, Constr. Approx. 9, No. 2
(1993), 167-190.

3. 1. Daubechies, “Ten Lectures on Wavelets,” CBMS-NSR Series in Appl. Math., SIAM,
Philadelphia, 1992.

4. R. De Vore and G. G. Lorentz, “Constructive Approximation,” Springer-Verlag, Berlin/
New York.

5. R. A. De Vore and V. A. Popov, Interpolation of Besov spaces, Trans. Amer. Math. Soc.
305, No. 1 (1998), 397-414.

6. S. Jaffard and Y. Meyer, Wavelet methods for pointwise regularity and local oscillations
of functions, Mem. AMS 123 (1996), 587.

7. V. L Filippov and P. Oswald, Representation in L, by series of translates and dilates of
one function, J. Approx. Theory 82 (1995), 15-29.

8. S. E. Kelly, M. A. Kon, and L. A. Raphael, Local convergence for wavelet expansions,
preprint.



14.

15.
16.

17.

19.

WAVELET APPROXIMATION 329

. R. Q. Jia and J. Lei, On approximation by multi-integer translates of functions having

global support, J. Approx. Theory 72 (1993), 2-23.

. J. Lei, R. Q. Jia, and E. W. Cheny, Approximation from shift invariant spaces by integral

operators, SIAM J. Approx. Theory 28 (1997), 481-498.

. G. G. Lorentz, “Approximation of Functions,” Holt, Rinehart and Winston, 1966.
. Y. Meyer, “Ondelettes,” Hermann, Paris, 1990.
. I. Ya. Novikov, Wavelets of Y. Meyer—An optimal basis in C(0, 1), Mat. Zamet. 52

(1992), 88-92. [in Russian]

D. Offin and K. Oskolkov, A note on orthonormal polynomial bases and wavelets,
Constr. Approx. 9, No. 2-3 (1993), 319-325.

M. Skopina, Multiresolution analysis of periodic functions, EJA 3 (1997), 203-224.

M. Skopina, Local convergence of Fourier series with respect to periodized wavelets,
J. Approx. Theory 94 (1998), 191-202.

M. Skopina, Localization principle for wavelet expansions, in “Self-Similar Systems,”
pp. 125-133, Dubna, 1999.

. V. L. Zavadskii, Approximation of functions of bounded mixed derivatives by means of

wavelets, preprint, Minsk, IM ANB, 1997.
V. V. Zhuk, On approximation of periodic functions by sums of Fejér and Vallee Poussin,
Vestn. Leningrad Univ. 13 (1974), 18-25.



	1. INTRODUCTION 
	2. DIRECT AND INVERSE APPROXIMATION THEOREMS 
	3. LOCAL CONVERGENCE 
	4. EXPANSIONS WITH RESPECT TO BI-ORTHOGONAL WAVELET SYSTEMS 
	5. DISCRETE WAVELET FOURIER TRANSFORM 
	ACKNOWLEDGMENT 
	REFERENCES 

